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In this paper, we study the accuracy-enhancement of semi-discrete discontinuous Galerkin (DG) methods for solving one-dimensional scalar conservation laws $$\documentclass[12pt]{minimal}
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                \begin{document}$$u_0(x)$$\end{document}$ is a given smooth function. We assume that the nonlinear flux function *f*(*u*) is sufficiently smooth with respect to the variable *u* and the exact solution is also smooth. For the sake of simplicity and ease in presentation, we only consider periodic boundary conditions. We show that the $\documentclass[12pt]{minimal}
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                \begin{document}$$|f'(u)|$$\end{document}$ possesses a uniform positive lower bound. By using a duality argument, we then derive superconvergence results of order $\documentclass[12pt]{minimal}
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                \begin{document}$${2k + \frac{3}{2} - \frac{\alpha }{2}}$$\end{document}$ in the negative-order norm. This allows us to demonstrate that it is possible to extend the post-processing technique to nonlinear conservation laws to obtain at least $\documentclass[12pt]{minimal}
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                \begin{document}$$({\frac{3}{2}k+1})$$\end{document}$th order of accuracy. In addition, for variable coefficient hyperbolic equations that have been discussed in \[[@CR19]\], we provide an explicit proof for optimal error estimates of order $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2$$\end{document}$ norm for the divided differences of the DG errors and thus $\documentclass[12pt]{minimal}
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                \begin{document}$${2k+1}$$\end{document}$ in the negative-order norm.

Various superconvergence properties of DG methods have been studied in the past two decades, which not only provide a deeper understanding about DG solutions but are useful for practitioners. According to different measurements of the error, the superconvergence of DG methods is mainly divided into three categories. The first one is superconvergence of the DG error at Radau points, which is typically measured in the discrete $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2$$\end{document}$ norm and is useful to resolve waves. The second one is superconvergence of the DG solution towards a particular projection of the exact solution (supercloseness) measured in the standard $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2$$\end{document}$ norm, which lays a firm theoretical foundation for the excellent behaviour of DG methods for long-time simulations as well as adaptive computations. The last one is the superconvergence of post-processed solution by establishing negative-order norm error estimates, which enables us to obtain a higher order approximation by simply post-processing the DG solution with a specially designed kernel at the very end of the computation. In what follows, we shall review some superconvergence results for the aforementioned three properties and restrict ourselves to hyperbolic equations to save space. For superconvergence of DG methods for other types of PDEs, we refer to \[[@CR21]\].

Let us briefly mention some superconvergence results related to the Radau points and supercloseness of DG methods for hyperbolic equations. Adjerid and Baccouch \[[@CR1]--[@CR3]\] studied the superconvergence property as well as the a posteriori error estimates of the DG methods for one- and two-dimensional linear steady-state hyperbolic equations, in which superconvergence of order $\documentclass[12pt]{minimal}
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                \begin{document}$${2k+1}$$\end{document}$ are obtained at downwind-biased Radau points and downwind points, respectively. Here and below, *k* is the highest polynomial degree of the discontinuous finite element space. For time-dependent linear hyperbolic equations, Cheng and Shu \[[@CR9]\] investigated supercloseness for linear hyperbolic equations, and they obtained superconvergence of order $\documentclass[12pt]{minimal}
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                \begin{document}$$k+\frac{3}{2}$$\end{document}$ towards a particular projection of the exact solution, by virtue of construction and analysis of the so-called generalized slopes. Later, by using a duality argument, Yang and Shu \[[@CR24]\] proved superconvergence results of order $\documentclass[12pt]{minimal}
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                \begin{document}$$k+2$$\end{document}$ of the DG error at downwind-biased points as well as cell averages, which imply a sharp $\documentclass[12pt]{minimal}
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                \begin{document}$$(k+2)$$\end{document}$th order supercloseness result. By constructing a special correction function and choosing a suitable initial discretization, Cao et al. \[[@CR7]\] established a supercloseness result towards a newly designed interpolation function. Further, based on this supercloseness result, for the DG error they proved the $\documentclass[12pt]{minimal}
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                \begin{document}$${k+1}$$\end{document}$ for the derivative at interior Radau points. We would like to remark that the work of \[[@CR7], [@CR24]\] somewhat indicates the possible link between supercloseness and superconvergence at Radau points. For time-dependent nonlinear hyperbolic equations, Meng et al. \[[@CR18]\] proved a supercloseness result of order $\documentclass[12pt]{minimal}
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                \begin{document}$$k+\frac{3}{2}$$\end{document}$. For superconvergent posteriori error estimates of spatial derivative of DG error for nonlinear hyperbolic equations, see \[[@CR4]\].

Let us now mention in particular some superconvergence results of DG methods regarding negative-order norm estimates and post-processing for hyperbolic equations. The basic idea of post-processing is to convolve the numerical solution by a local averaging operator with the goal of obtaining a better approximation and typically of a higher order. Motivated by the work of Bramble and Schatz in the framework of continuous Galerkin methods for elliptic equations \[[@CR5]\], Cockburn et al. \[[@CR11]\] established the theory of post-processing techniques for DG methods for hyperbolic equations by the aid of negative-order norm estimates. The extension of this post-processing technique was later fully studied by Ryan et al. in different aspects of problems, e.g. for general boundary condition \[[@CR20]\], for nonuniform meshes \[[@CR13]\] and for applications in improving the visualization of streamlines \[[@CR22]\] in which it is labeled as a Smoothness-Increasing Accuracy-Conserving (SIAC) filter. For the extension of the SIAC filter to linear convection-diffusion equations, see \[[@CR15]\].

By the post-processing theory \[[@CR5], [@CR11]\], it is well known that negative-order norm estimates of divided differences of the DG error are important tools to derive superconvergent error estimates of the post-processed solution in the $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2$$\end{document}$ norm. Note that for purely linear equations \[[@CR11], [@CR15]\], once negative-order norm estimates of the DG error itself are obtained, they trivially imply negative-order norm estimates for the divided differences of the DG error. However, the above framework is no longer valid for variable coefficient or nonlinear equations. In this case, in order to derive superconvergent estimates about the post-processed solution, both the $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2$$\end{document}$ norm and negative-order norm error estimates of divided differences should be established. In particular, for variable coefficient hyperbolic equations, although negative-order norm error estimates of divided differences are given in \[[@CR19]\], the corresponding $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2$$\end{document}$ norm estimates are not provided. For nonlinear hyperbolic conservation laws, Ji et al. \[[@CR16]\] showed negative-order norm estimates for the DG error itself, leaving the estimates of divided differences for future work.

For nonlinear hyperbolic equations under consideration in this paper, it is therefore important and interesting to address the above issues by establishing both the $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2$$\end{document}$ norm error estimates for divided differences, which are helpful for us to obtain a higher order of accuracy in the negative-order norm and thus the superconvergence of the post-processed solutions. We remark that it requires $\documentclass[12pt]{minimal}
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                \begin{document}$$|f'(u)|$$\end{document}$ having a uniform positive lower bound due to the technicality of the proof. The generalization from purely linear problems \[[@CR11], [@CR15]\] to nonlinear hyperbolic equations in this paper involves several technical difficulties. One of these is how to establish important relations between the spatial derivatives and time derivatives of a particular projection of divided differences of DG errors. Even if the spatial derivatives of the error are switched to their time derivatives, it is still difficult to analyze the time derivatives of the error; for more details, see Sect. [3.2](#Sec13){ref-type="sec"} and also the appendix. Another important technicality is how to construct a suitable dual problem for the divided difference of the nonlinear hyperbolic equations. However, it seems that it is not trivial for the two-dimensional extension, especially for establishing the relations between spatial derivatives and time derivatives of the errors. The main tool employed in deriving $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2$$\end{document}$ norm error estimates for the divided differences is an energy analysis. To deal with the nonlinearity of the flux functions, Taylor expansion is used following a standard technique in error estimates for nonlinear problems \[[@CR25]\]. We would like to remark that the superconvergence analysis in this paper indicates a possible link between supercloseness and negative-order norm estimates.

This paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, we give the DG scheme for divided differences of nonlinear hyperbolic equations, and present some preliminaries about the discontinuous finite element space. In Sect. [3](#Sec11){ref-type="sec"}, we state and discuss the $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2$$\end{document}$ norm error estimates for divided differences of nonlinear hyperbolic equations, and then display the main proofs followed by discussion of variable coefficient hyperbolic equations. Section [4](#Sec19){ref-type="sec"} is devoted to the accuracy-enhancement superconvergence analysis based on negative-order norm error estimates of divided differences. In Sect. [5](#Sec21){ref-type="sec"}, numerical experiments are shown to demonstrate the theoretical results. Concluding remarks and comments on future work are given in Sect. [6](#Sec22){ref-type="sec"}. Finally, in the appendix we provide the proofs for some of the more technical lemmas.

The DG scheme and some preliminaries {#Sec2}
====================================

The DG scheme {#Sec3}
-------------

In this section, we follow \[[@CR11], [@CR12]\] and present the DG scheme for divided differences of the problem ([1.1](#Equ1){ref-type=""}).
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Preliminaries {#Sec4}
-------------

We will adopt the following convention for different constants. We denote by *C* a positive constant independent of *h* but may depend on the exact solution of the Eq. ([2.1](#Equ3){ref-type=""}), which could have a different value in each occurrence. To emphasize the nonlinearity of the flux *f*(*u*), we employ $\documentclass[12pt]{minimal}
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### Sobolev spaces and norms {#Sec5}
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In the post-processing framework, it is useful to consider the negative-order norm, defined as: Given $\documentclass[12pt]{minimal}
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It follows from the mean value theorem for divided differences that$$\documentclass[12pt]{minimal}
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### The inverse and projection properties {#Sec7}
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### The properties of the DG spatial discretization {#Sec8}
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#### Lemma 1 {#FPar1}
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#### Corollary 1 {#FPar3}
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#### Lemma 2 {#FPar5}

Suppose that *r*(*u*(*x*, *t*)) is smooth with respect to each variable. Then, for any $\documentclass[12pt]{minimal}
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#### Corollary 2 {#FPar7}
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### Regularity for the variable coefficient hyperbolic equations {#Sec9}

Since the dual problem for the nonlinear hyperbolic equation is a variable coefficient equation, we need to recall a regularity result.

#### Lemma 3 {#FPar9}
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### SIAC filters {#Sec10}

The SIAC filters are used to extract the hidden accuracy of DG methods, by means of a post-processing technique, which enhances the accuracy and reduces oscillations of the DG errors. The post-processing is a convolution with a kernel function $\documentclass[12pt]{minimal}
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The post-processing theory of SIAC filters is given in the following theorem.

#### Theorem 1 {#FPar10}

(Bramble and Schatz \[[@CR5]\]) For $\documentclass[12pt]{minimal}
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By the post-processing theory \[[@CR5], [@CR11]\] (also see Theorem [1](#FPar10){ref-type="sec"}), it is essential to derive negative-order norm error estimates for divided differences, which depend heavily on their $\documentclass[12pt]{minimal}
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### Corollary 3 {#FPar12}
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### Proof {#FPar13}
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### Remark 1 {#FPar14}

Clearly, the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^2$$\end{document}$ error estimates for the divided differences in Theorem [2](#FPar11){ref-type="sec"} and Corollary [3](#FPar12){ref-type="sec"} also hold for the variable coefficient equation ([2.1](#Equ3){ref-type=""}) with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(u) = a(x) u$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|a(x)| \ge \delta > 0$$\end{document}$. In fact, for variable coefficient equations, we can obtain optimal $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({k+1})$$\end{document}$th order in the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^2$$\end{document}$ norm and thus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({2k+1})$$\end{document}$th order in the negative-order norm; see Sect. [3.3](#Sec16){ref-type="sec"}.

### Remark 2 {#FPar15}
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In the proof of Theorem [2](#FPar11){ref-type="sec"}, we have also obtained a generalized version about the $\documentclass[12pt]{minimal}
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### Corollary 4 {#FPar16}
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Proof of the main results in the $\documentclass[12pt]{minimal}
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#### Remark 3 {#FPar19}
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### Analysis for the second order divided difference {#Sec15}
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#### Proposition 1 {#FPar20}
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#### Proof {#FPar21}

By the second order Taylor expansion (3.9), we have$$\documentclass[12pt]{minimal}
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#### Lemma 5 {#FPar22}

Suppose that the conditions in Theorem [2](#FPar11){ref-type="sec"} hold. Then we have$$\documentclass[12pt]{minimal}
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The proof of this lemma is given in the appendix. Up to now, we see that we still need to have a bound for $\documentclass[12pt]{minimal}
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#### Lemma 6 {#FPar23}

Suppose that the conditions in Theorem [2](#FPar11){ref-type="sec"} hold. Then we have$$\documentclass[12pt]{minimal}
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The proof of Lemma [6](#FPar23){ref-type="sec"} follows along a similar argument as that in the proof of Lemma [5](#FPar22){ref-type="sec"}, so we omit the details here.

#### Lemma 7 {#FPar24}

Suppose that the conditions in Theorem [2](#FPar11){ref-type="sec"} hold. Then we have

The proof of this lemma is deferred to the appendix. Based on the above two lemmas, we are able to prove the bound for $\documentclass[12pt]{minimal}
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#### Lemma 8 {#FPar25}

Suppose that the conditions in Theorem [2](#FPar11){ref-type="sec"} hold. Then we havewhere $\documentclass[12pt]{minimal}
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We now collect the estimates in Lemmas [5](#FPar22){ref-type="sec"} and [8](#FPar25){ref-type="sec"} into ([3.23](#Equ59){ref-type=""}) to getLet us now move on to the estimate of $\documentclass[12pt]{minimal}
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#### Remark 4 {#FPar26}
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Variable coefficient case {#Sec16}
-------------------------

### The main results {#Sec17}
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The proof of this lemma is postponed to the appendix.

We are now ready to state our main theorem.

#### Theorem 3 {#FPar28}
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#### Remark 5 {#FPar29}

Based on the optimal error estimates for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\Vert {\partial _h^{\alpha } \xi }\Vert }$$\end{document}$ together with approximation error estimates ([3.3](#Equ32){ref-type=""}) and using the duality argument in \[[@CR19]\], we can obtain the negative-order norm estimates$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert {\partial _h^{\alpha } (u - u_h)(T)}\Vert _{-{(k+1)},\Omega }\le C h^{2k+1}, \end{aligned}$$\end{document}$$and thus$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\Vert {u - K_h^{\nu ,k+1} \star u_h}\Vert } \le C h^{2k+1}. \end{aligned}$$\end{document}$$For more details, see \[[@CR5], [@CR19]\] and also Sect. [4](#Sec19){ref-type="sec"} below.

### Proof of main results {#Sec18}
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Superconvergent error estimates {#Sec19}
===============================
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We are now ready to state our main theorem about the negative-order norm estimates of divided differences of the DG error.
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Combining Theorems [4](#FPar31){ref-type="sec"} and [1](#FPar10){ref-type="sec"}, we have

Corollary 5 {#FPar32}
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Remark 6 {#FPar33}
--------
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Proof of the main results in the negative-order norm {#Sec20}
----------------------------------------------------
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Unlike the purely linear case \[[@CR11], [@CR15]\] or the variable coefficient case \[[@CR19]\], the dual equations for nonlinear problems will no longer preserve the inner product of original solution $\documentclass[12pt]{minimal}
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### Lemma 10 {#FPar34}
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### Lemma 11 {#FPar36}

(Residual) There exists a positive constant *C*, independent of *h*, such that$$\documentclass[12pt]{minimal}
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### Lemma 12 {#FPar38}

(Consistency) There exists a positive constant *C*, independent of *h*, such that$$\documentclass[12pt]{minimal}
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### Proof {#FPar39}
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Numerical examples {#Sec21}
==================
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Example 1 {#FPar40}
---------
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In this example we consider the conservation laws with more general flux functions on the domain $\documentclass[12pt]{minimal}
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We test the Example [2](#FPar41){ref-type="sec"} at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T = 0.1$$\end{document}$ before the shock is developed. The orders of convergence with different kernels are listed in Table [2](#Tab2){ref-type="table"} and pointwise errors are plotted in Fig. [2](#Fig2){ref-type="fig"}. We can see that the post-processed errors are less oscillatory and much smaller in magnitude for most of elements as observed in \[[@CR16]\], and that the errors of our more compact kernel with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega = -2$$\end{document}$ are slightly less oscillatory than that for the standard kernel with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega = 0$$\end{document}$. This example demonstrates that the accuracy-enhancement technique also holds true for conservation laws with a strong nonlinearity that is not a polynomial of *u*.Fig. 2The errors in absolute value and in logarithmic scale for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P^2$$\end{document}$ (*top*) and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P^3$$\end{document}$ (*bottom*) polynomials with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N = 20, 40, 80$$\end{document}$ and 160 elements for Example [2](#FPar41){ref-type="sec"} where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(u) = e^u$$\end{document}$. Before post-processing (*left*), after post-processing (*middle*) and post-processing with the more compact kernel (*right*). $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T = 0.1$$\end{document}$

Concluding remarks {#Sec22}
==================

In this paper, the accuracy-enhancement of the DG method for nonlinear hyperbolic conservation laws is studied. We first prove that the $\documentclass[12pt]{minimal}
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Future work includes the study of accuracy-enhancement of the DG method for one-dimensional nonlinear symmetric/symmetrizable systems and scalar nonlinear conservation laws in multi-dimensional cases on structured as well as unstructured meshes. Analysis of the superconvergence property of the local DG (LDG) method for nonlinear diffusion equations is also on-going work.

Appendix {#Sec23}
========

The proof of Lemma [5](#FPar22){ref-type="sec"} {#Sec24}
-----------------------------------------------
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The proof of Lemma [8](#FPar25){ref-type="sec"} {#Sec26}
-----------------------------------------------
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